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SPACETIME NONLOCALITY AND RETARDATION
IN RELATIVISTIC HEAVY-ION COLLISIONS

BRIAN W. BUSH, J. RAYFORD NIX, and ARNOLD J. SIERK
Theoretical Division, Los Alamos National Laborutoy

Los Alamos, New h4ezico 87545, USA

A BSTRACI’

We discuaa the exact numerical solution of the classical relativistic ●quations of mo-

tion for a Lagrangian corresponding to point nuckons interacting with masoive sc~!ar

and vector memn fieldw The quatione of motion contain both external retarded

Lorentz forces and radiation-reaction forcen; the latter involve nonlocal terms that de-

pend upon the past history of the nucleon in addition to terrna analogous to those of
clasaical electrodynamics. The resulhng microscopic many-body approsch to relativis-
tic heavy-ion collisions io manif~tly Lorents covariant and allows for nonequilibrium

phenomena, interactions with correlated clusters of nucleono, and particle production,
For point nucleons, Lhe asymptotic behaviot of nuckonic motion prior to the colli~ion

is exponential, with a range in proper time of approximately 0.5 fm. Iiowever, this b-
havior is altered by the finite nucleon eize, whose efTect we are currently incorporating

into our equations of motion. The epacetime nonlocality and retardation that will be

pment in the eolutiorm of these quations may be responsible for significant collective
cffecta ir, relativistic heavy-ion collisions.

1, Introduction

As we discussed at the Sixth Winter Workshop on Nuclear Dynamics,’ the con-

(Iitions encountered in relativistic heavy-ion collisions at AGS, CERN, and Rlll( !
mwrgics arc vrry different from those ncccssary for the valid application of most of
the approximation nlcthc)ds A models used previously to dcacribe such collisions.

[n particular, the interaction time is extremely short, and the nucleon rmmn I’rcc
pat h, force range, and intcrnucieon separation are all comparable in tiizc. To satisfy
IIII*SPconditions a priori, a fully microscopic mnny-body treatment that allowH for

llollc(lllilit)ri~lln phrnomcna, intmactionn with rorrcl~tml cluntcrs of nurlcons, aml lmr-
t iclt’ prmluction appears ncccssary, Fllrthrwnorc, th(~ approach must hc n]anif( :ltly
l,(woIItz rmmriimtl or problmns with cwwdity immmlinlcly arim, on tlw 01Imr hnti(i,
ilt Imil]lmrding mwrgiw of many (W pm lluclrwn, the rmluccd (!m]l])ton wavdm)gtll
of I)rojoctilr 1111(’l(wIIs is ~llfliciwltly Htt]nll that quantnl cohmwwc drcch aro nrgligil)h”

iIIIIl thr rlnssirn] Approxill]ation for mIcl(IOI~ trnjectorim shmild hc wdid, A ntd.~lr;ll
;Ilq)r(mch th,at mlisfim all these rrquirrmwnts i~ (.lmwjra] rr]ativj M.jc I]a(lro(lytlattli(’s,

(orrf*sl)oll(lillg” to nlIrlroIIs intmacting with mawivo scnlar and vrctor Ilwson Iivltls,



2. Classical Relativistic Hydrodynamics

Our physical input consists of only thweaxiorns: (1) Lorentz invariance, which
includes energy and momentum conservation, (2) point nuclcms interacting with
massive scalar and vector m~son fields, and (3) the classical approximation applied in
domains where it should be reasonably valid. Wc then strive for an exact numerical
solution of the resulting classical relativistic equations of motiori rather than making
the usual mean-field approximation or perturbative expansion in coupling strength.

For N point nucleons of mass M interacting with scalar and vector meson fields
characterized by masses m, and m“ and coupling constants g. and gv, the Lagrangian
density is

(1)

llcre d is the scalar potential, p is the scalar density, AM is the vector potential,
pu = &’A” – &AM is the vector field strength tensor, and JU is the vector current
(Icnsity, The spacctime trajectory of nucleon n as a function of its proper time Tn is

dcnoterl by .(rm ), and its four-velocity is v: = dq#(rm)/dTn, We use units in whicil
rl=c= 1, and a metric specified by g~” = diag(l, -1, –1, -l).

The covariant equations of motion for each of the N nuckons that result from the

Lagrangian density ( 1) area-’

(1222

)(

da~
— + vpaua”

+ ~g’ + ~gv dr )
+J’’+R’ , (2)

wit]) four-acceleration a~ = dv~/dr and effective nucleon mass

.!!= I Jl(m,s)‘ dr’ —–
1

= Al + m,g,2 + 9Aml + pv9v2 . (v)
-m s

‘1’1)(:right-hai:d ~idcs of Eqs. (2) contnin both extcrnrd retarded Lcmmtz forcrs ill](l
ri~(liilt.it)ll-reacl,ioll forms. The Iattcr involve terms amdogous to those of Cl&~~iCiil
(’lt’f.lr(}(lyl~arilics, a.. wrll M tlw nonlocal tcrmti

f: = J‘ ffT’ Sw
J~(m,,q)

–?n,~g,~ ($W - t)’’v”)
-m ,9a (4)
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Fig. 1, Plots of the characteristic equation l! M’. det.wrninu the asymptotic growth conomnt of

point nuckonic motion prior t~ the collision liw I ~. ~.tB of coupling conatantn (left-hand side), and

the resulting dependence of the asymptotic ):mwth constant UPOI; the scak and vector interaction
strengths (right-hand side).

Refs. 1, 2, and 4 for point nuclems interacting with a massive vector field are missing
a crucial contribution to the effective nucleon m~s, which was responsible for the
inat ility in Ref. 1 to obtain solutions for realistic values of the interaction strength.

We identify the scalar meson field with the u meson, whose mms we take to
I)CS m, = 550 MeV, and the vector meson field with the w meson, whose maw isd

m “ = 781.95 + 0.14 MeV. For ihe nucleon mam M we use the average of the neutron
and proton masses.

3. Asymptotic Behavior

orw cnn show that an acceleration which gruws exponentially, a’(r) z C’ exp(~r),
satisliw Eqsi (2)-(5) iuymptotically in the limit r ~ -m, provided that the asymp-
totic growth constant K is determined from the characteristic equation

‘1’hi~rq~l~tion is pluttcd in the left-hand side of Fig, 1 for two sctn of coupling con-

Stillll!l. ‘1’lw first mt corrmprmh to the wdues g,a = 7t2!l and g,a = 10,81 thnt nrt’

J



i‘1 & = 14.5 GeV
=1.0 ~%lo.81, &f=o
‘m A

i 0,6 -

I

I

0.4 -

!!
0.2 -

1-
0.0

-10 0 10 20 30
Longitudinal DitNance z (fro)

Fig, 2, Transverse four. acceleration a= experienced by point nuclmns, for two valuea of the impact

parameter b,

required to properly saturate symmetric nuclear matter in the mean-field treatment
of the relativistic a-w model of Serot and Walecka.5 The second set corresponds to the
values g,a = 8.19 and gva = 17.26 determined by Bryan and Scott7 from an analysis
of nucleon-nucleon scattering at laboratory kinetic energies between O and 350 hleV.

The inverse of x gives the range in proper time of the spacetime nonlocality that
is present for point nucleons. This nonlocalit,v range is K-l = 0.516 fm for the Serot-
Walecka constants and K-1 = 0,635 fm for the Bryan-Scott constants, As shown in
the right-hand side of Fig. 1, the asymptotic growth constant K decreases and the

nonlocality range K-’ incre~es with increasing scalar or vector interaction strength.

4, Numerical Solution

I:or some special cases, we have fiolved Eqs. (2)-(5) by converting the differential
cqllfit.iolls into the integral equations

(1
r’

x (!xp - )dr’’hlm/g3 ,
r

(7)

wit]) I--i= ~ z These equations, which are solwxl iteratively by use of a fil~itr-~g,~ + ~g, .
Ilifkrcrw method, automatically satisfy the boundnry crmditionae that aM (r) + 0

il.q r ~ +=. l’igurcs 2 and 3 are examples for a single point nuchmn incident at
i ,1,5 f;eV kitwtw rncrgy on a scattering ccntcr that remains fixed in the laboratory
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Fig. 3. Longitudinal four-acceleraticm a’ experienced by point nucleons, for two valu~ of the impact

parameter k

system. These examples are calculated for a vector interaction only, although we
have subsequently obtained solutions for both scalar and vector interactions simulta-
neously. Because of the spacetime nonlocality, which i~ magnified in a given frame
by the Lorentz factor 7, the collision process extends over an appreciable region of

spaceti Line.

5. Effect of the Finite Nucleon Size

In the nonrelativistic limit, the validity of the above claasical treatment of point nu-
cleons requires that the spacetime nonlocality range K-1 be large compared to both the
quantal uncertainty and the size of the nucleon, The former requirement is actually
satisfied in the nuclear case, even though it is violated in classical electrodynamics.g
The difference arises becauae the nucleon mass is about 1800 times the electron mass
am-l the strong interaction strength is about 1300 times the electromagnetic interac-
tion strength. However, the nonlocality range of approximately 0,5 fm in the nuclear
C,MP is comparable to the size of the nucleon, [n particular, the proton charge dis-
tribution is approximately exponential in form, with a rwt-mean-square radius*O of
0,S62 + 0,012 fm. We ate currently incorporating the effect of the finite nucleon size
into u~lr rquations of motion. For an extended charged particle in nonrelativistic class-
ical elect.rodynamics, the exponential asymptotic behavior is removed when tile size
of the particle exceeds the nonlocality range, with the spacetime nonlocality shiftml
to the region following the collision, 11 We anticipate a similar dependence on size ill
the nuclear caae.
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6. Conclusions

Classical relativistic hydrodynamics, corresponding to nucleons interacting with
massive scalar and vector meson fields, permits the systematic study of many-body
collective dynamics in a way that is manifestly Lorentz covariant. Spacetime nonlo-
cality, retardation, nonequilibrium phenomena, interactions with correlated clusters
of nuckcms, and particle p~oduction are all included automatically. However, it is
crucial in this approach to incorporate the effect of the finite nucleon size into the
equations of motion. The spacetime nonlocality and retardation that will be present
in the solutions of these equations may be responsible for significant collective effects
in relativistic heavy-ion collisions.
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